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ABSTRACT

Model correlation methods based on iterative modification
of physical model parameters have been used with frequent
snecess,  The cost and time to perform these methods is
driven mostly by the need to recompute normal modes und
parameter sensitivities from the full finite element model after
cach adjustinent.  This paper presents o refinanent of the
method, in which multiple iterations can be petformed before
the full model must be ron,

NOMENCLATURE

[M] physical mass matrix

[Ko] physical stifiness matr ix, unmnodificd model

oy, p'th stractural parawncter, dimensionless

[K,] delta stifiness for the p'th structural pmameter, in
physical coordinates

[%,.] delta stiflness for the g'th str uctur al pararcter, in

modal coordina tes

[#5;} 5 entry in 5°th row, A'thcolumm of [k,)]

[20] mass notmalized mode sh apes of unmodified mwodel
in physical coordinates

£ Ao cipenvalues of unnodified modcl

(Ao); 3'th cipenvalue of unnodified model

2] mass normalized mode shapes of modified model,
function of o,

[A] cigenvalues of modified model, function of a,,

(9] mass normalized mode shiapes of modificd model in
modal coordinates, function of a,

T Sensitivitics of [ AJto ay,

{4, Sensitivies of 9] to oy

1. INTRODUCTION

A significant porl of any modal test is the need to update finite
cement models Lo improve agrecment with test measurcments.
A widely-used approach for model updating involves adjusting,
a nunnber of physical model pararcters in o1der to get a better
test/analysis match. The change to model pmameters is usually
guided by first order sensitivity of mode frequencies and/or
mode shapes Lo the parametas |1,2].

Unfortunately, the sensitivity calculation is valid only for
stnall paramcter changes. The frequencies and mode shapes
cstimated by linear sensitivity approximations quickly diverge
from the exact frequencies and mode shapes obtained from
solution of the eipenvalue problemn.  This means in practice
that stractunal pasrameters must be rmodified iteratively, After a
small change, the full finite clerment model must be re-analyzed
to determine the trae offeel of the parameter adjustinent on
frequendies and/ar mode shapes. I further improvement is
need, the linear sensitivity matrices st be ealealated for the
maodificd model, and another iteration may be performed on the
structural pavamcter adjustient. The 1epeated cigensolutions
of the full model account for most of the cost and time involved
in performing this type of model updating.

This paper presents an approach which allows larger variations
of model paramctars to be assessed before rerunming the
full finite clament model.  The ides is to perform new
cigensolutions in modal coordinates of the unperturbed modcl.
A number of small pararncter changes can be accurmulated
before incorporating, the change into the full model.

The new approsch was implemented for the model correlation
cflort associated with the Shuttle hnaging, Radar- G (SIR C)
modal test. The method worked very well in updating the
finite element model to match test-tneasured modes.



2. PROBLEM FORMULLATION

For simplicity, it will be assumed that only stifluess matrix
modification is being performed. A number of dimensionless
structural parameters oy, are sllowed to wry, such that the
unmodificd structural model corresponds to o, = o . The
dependence of the physical stifiness matrix [K] on these
paramcters will be assurned as

(K] - [Ko) 4y SaylKy). (1)
¥

That is, the stiflncss matrix is assumed to be linear in
the structural parameters.  The development that follows
could be par for med for any other known functional for m as
well. However, the linear relationship is often either the true
functional forin, o1 is a reasonable accurate approximation over
a broad range of parameter values.

Any model updating approach based on physical structural
paramncters  must begin with an approximation  of the
frequencics and/or mode shapes which result from parameter
adjustinent. That is, the cigenvalue problem

(K][@] - (Ml[@][A] @)

is 1o be be solved for the eipenvalues [ A} and mode shapes

(®], with [K] given by equation (1 ). Only the lowest frequency
modes are usually of interest. Normally, this problem is solved
cxactly for a particularsct of paramecters by using the full finite
clement model. Tn order to sclect a desirable parameter sct,
lincar sensitivity analysis is used to eslitn ate TA) and [9] as
functions of the ay,.

The main ides of this paper is 1o solve cquation (2) exactly
without using the full finite elament model. The solution will be
exact, provided the stiflness matrix formulation of equation (1)
is valid.

3. MODAL, COORDINATES

The ummnodificd model has cipenvalues [ o] and mass

normalized mode shapes [@g], which solve the eigenvalue
problem (2) with all parameters sct Lo zero:

[Ko][@0) = [M][®o][ Al). (3)
[@g] and [ Ag ] satlisly the orthogonality 1¢lationships

[@o] " [M] (@] - 11, )

(@] [Ko) 101, [ A0d)- ()

Assume that the mode shapes for the modified model are lincar
combinations of the mode shapes of the unmmeodified model.
That is,

(@] [do][¥] (6)

for some square mwatri x (). Such o relationship is always tiue
if [To)is the full (square) modeshape matrix, since in that case
the columms of [$0] span the full space of possible structural
mwotions, "T'his is only approxitately trac if not all colutuns of
Q0] are retained.

Substitution of cquation (6) inte the cipenvalue problem (2),
and premoul tiplying, by [C]'()]'] . we obtain the new cipenvalue
problem

(P20l 1> Jepll) 19 (WAL, (1)

whare
(] - (@) V1K) [l (8)

Fquation (°/) is equivalent to the original cigenvalue problemn
of equation (2), except in modal coordinates the mass matrix
is suidentity, and the stifiness reatnix is expressed in terms of
the unmodified cigenval ues and the rmodal stiflness sensitivities
defined in equation (8). Most importantly, the size of the
cipenvalue problem in equation (7) is cqual to the number of
retained modes from the full model needed Lo spay the space
of the new mode shapes, whereas the arig inal equation (2) is as
large as the full model.

Yor any choice of structural paramcters oy, the cigenvalue
 oblew of equation () can bie salved inexpensively for the full
(square) mode shape matrix [¥] and eipenvalues [A The only
required information is: cigenvalues [Ap ) of the unmodified
model, ana the stiflness senbitivities [k, Both of these can
bie penerated easily from the full ummnodified model, The mode
sha pes in physical coordinates are then given by cquation (6).
This process yields the exact solution for the maodified model,

provided enough modes of the unrnodified 1 odel gy 1648 ined
in cquation (6), and assuming, cquation (1 ) holds exactly.

4. SENSITIVITY COMPUTATI ONS

Most alporithing for automatic o commputer-aided paramncter
update are puided by first order (lincar) sensitivity of
frequencics o mode shapes Lo the s tr uctwmal parameters.
These sensitivities have been derived elsewhere, but asimple
derivat ion follows based on the cigenvalue problem in modal
coordinates,

Tt
EREENEN (©)
P (')(n}, : )
a
e - 10
515 e (¥ o)

Then the mode shape sensitivity in physical coordinates is

Ps

a

(@] [@o](¥,). (1)
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Now write the'Thylorexpansions

PAJ:0 2od 1y ot At O@d), (12)
’I
(L I R NI T UL P IR e ¢ K
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The unknown lincar sensitivities [ AvdJ and (Ip] witl be

discovered based on the orthogonality relationships satisfied by

v
CANLIMERE (14)
(P20 -1 el ) (9 P A as)
¥

Substituting cquations (12) and (13) into equations (14)
and (5), and collecting, terms linear in ¢y, we find

L (VALETUS) RN (16)

’l
> :(’;'([q';«]]‘rAG\] -1 [\/\0\”‘1';'] -l [ﬁl,] [‘,\,,\]) . el ()
’l
Since this must be trae for arbitrary a,,, cquation (“16) implics
[‘]'p]']. = [, (18)
anid this topcether with equation (17) mcans that
Poodlg] (900 dld [ A= (k). (19)

The 7'th diagonal entry inthe above malrix cquation is
(M) = [ralss (20)

whicliincaus that the cigenvalue sensitivities are found cm the
diagonal of the stiflness sensitivity matrix inmodal coordinates.

Anofl-diagonal entry inequation (19) in the 7'th row andk'th
column is

(ol ()3 195

In the mnormal case when the cigenvalues of the unmodified
modeclare distinct, this equation can then be solved for the
ofl-diagonal tenins of the mode shape scusitivity matrix [W,]
The diagonal terms of [¥,] must be zero inorder to satisfy
cquation (18). Once the [¥,] matrices are detenmined, the full
mode shape sensitivities are obtained using equation (1 1).

[k )ik o iT5 o k. (21)

Fquation (21) breaks downwhen cigenvalues of the unmodificd
model approach each other. This suppests that the mode shape
scnsitivity becornes large for closely spaced modes. In practice,
the eipenvalues wil never be exactly equal, but the mode shapes
predicted by linear sensitivity analysis arconly valid for wry
tiny pavamecter changes inthe case of closely spaced modces.

5. SENSITIVITY CALCULATION FOR MODIFIED MODEL

The above resultsarcnotpew, On the surface, they merely
suggest one way to derive previously publishied frequency and
mode shape sensitivity results. The new jdea of this paper is
that afler a small adjustinent has been ma de to the structural
paratnciers, the hew modal propertics of the modified model
can be computed exactly, andthenthe sensitivities of the new
ficquencies and mode shapes can be computed, all without
needing, to reverl to the finite clement model.

Yiquation (7) shows the cigenvalue problemn to be solved in
order to obtain the cipenvalues A Jand mass norinalived miode

shapes (@] of the modificd model. Fquations (20) and (21 )
shiow how to obtain the sensitivity of the eipenvalues and mode
shapes to the structural pararmelters.

It is worlh repeating, that only the following infonmation is
required to calculate the ¢xacl eipenvalues and mode Shapes,
and both cipenvalue and mode shape sensitiv ities: cigenvalues
[ AoJ of the unmodificd modcl; mass normalized mode shapes

[@¢] of the unmodified model (a suflicient subsel of all modes);
and the stiflness sensitivies [x,] in modal coordinates of the
unmodified model.

If & modification is made to the modcel, then we can perform
all of the above cal culations using the modified model as a
new starling point. Of the threeitems listed above, the
cigenvalues and mode shapes come directly from the solution
of equation (7). That is, Lo make the modified modcl the new
bascline, we simply replace

fal -, [Rolds (22)
(®o][W] - [Po]- (23)

Aud according Lo cquation (8), the stiflness sensitivies in the
new modal coordinates should be

19 k). (24)

Note that this latter equation would need to be adjusted
i f a nonlincar stiflness rclationship was used in place of
cquation (1).

With the above substitutions, the sensitivity caleulation
descr ibed in section 4 can be repeated to obtain sensitivities
valid in the vicinity of the new model.  Thus, a number
of small steps can be taken without reverting to the full
modcl. At cach step, the new frequencies and mode shiapes are
computed with out error, and the sensitivities are recomputed
appropriately.

Jnpractice, it may not be possible to completely avoid iterations
using the finite clement model.  Errors will accurnulate if
cquation (1) is notexact, or duc to the limited number o f
mwodes of the original model being used in the  calculation.
However, this technique allows a large number of smallsteps to
be accumulated before it is nccessary to runthe full model.



6. SUGGESTED MODEL UPDATING APIROACH

Using, the above results, it is possible to perform parameter-
based model updating in a systematic way. The following steps
outline one possible approach.

1. Select structural parameters og,.

2. Using unmodified finite element model, compute
cipenvalues [ A0 and mode shapes [$0)-

3. Usinug unmodified finite element modcl, cormpute
stiflness sensitivities [x,) = (@) 1 | Kil[Po)-

4. Generate eigenvalue sensitivitics ) Ay arid/or
mode shape sensitivities (&) = [P0} V).

[2,]

Usc seunsitivities to select promising modifications
to structural parameters, (A number of
8] proa ches have been su peested for choosinig,
parameter changes.  For example, minimize
cr1 ors between test and analysis while keeping
parameter changes small.) It is possible to
interactively try diflerent parameter changes, and
use tyre exact eigenvalue solution to preview the
result of cachchange.

6. After making a small change in parameters, solve
the cigenvalue problern

(1200437 aplwl) 9]+ (¥10A)
»
for [ A)and [¥]. Make the modificdmodel the

new starling point try replacing

f/\\] -> [\AOJ

[9all¥] - »
[ k8 k).

7. Starting, from this new bascline, begin another
iterationat step 4.

8. CONCLUSIONS

A technique was presented for using modal coordinates
to facilitate multiple iterations of structural paramcter
modification without frequently excercising the ful |l finite
clement model.  After each itcration, an exact solution of
the eigenvalue problemn is perforined, and linear sensitivity is
recalculated.

This refincinent of previously reported pararncter modification
methods allows iterations to be performed essentially real time.
As a result, the analyst is free to experiment with mmany options
for paramcter adjustiment, and canimmediately preview the

conscquences of any change. In addition, it is more feasible Lo
perform a larger number of siall parameter changes, with the
sensitiv ities recalenlated afier cach chinnipe . This is especially
useful when it is necessary to correlate a model with closely
spaced modes.
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